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Abstract-Two-dimensional finite cracks ncar a bi·material interface are investigated. A crack under
uniform pressure or a pair of concentrated loads on its faces is modeled by a dislocation density
along the crack length leading to singular integral equations from which the stress intensity factors
are obtained. We investigated the case when the crack is ncar the interface of two half-planes or
ncar a finite coating. In both cases. the singular integral equations were solved numerically by
e.,panding the unknown dislocation density in terms of Chebyshev polynomials.

When the crack is near the interf;\Ce of two half-planes. the stress intemity f;\Ctors and the
enerl!v release rate were obtained as a function of the crack·to-interface distance. and we show that
they-~pproach previously derived asymptotic solutions.

When the crack is ncar the interface of a coated substrate we lind in the case III' soft coating.
for all values of the thickness of the coating and the crack-hI-interface distance that the normalized
Mode I stress intensity factor and the nonnaliled energy release rate arc greater than one. and the
normalized stress intensity factor for Mode" is negative. As a result. il soft coating l!lles not prevent
il crilck propilgating toward the interfilce. On the other hand. for il stilT cllating. whether the
nllrmalized Mode I stress intensity filctor ilnd the normalized energy release rate arc greater or less
than one. ilnd whether the normalized Mode" stress intensity is positive or nl'giltive depends lIn
the relative valucs of the material stilTness. the crack-to-interl;lce distance. and the thickness Ilf the
coating. for this case the criticalthickncss of the coating for the crack to prop;lgate parallel to the
inh:rl;lce was ohlained. We illso investigated the ellcct of the value of the rnateriill mismatch
paramctcrs 011 the stress intcnsity factors ;Ilulthe energy release rate.

I. INTRODUCTION

The bonding of dil1crent materials is widely used in industry for adhesive joints, fiber
reinforced materials, coating/substrate systems, ceramic/metal systems and the like, and
manufacluring imperfections in bonding usually appear as inclusions, l1aws or eracks near
or on the bonded interfaces. These imperfections create stress concentrations and may lead
to delamination of a coating from a substrate, pull out of libers in a tiber-reinforced matrix,
failure of an adhesive joint, ctc. In view of its importance in the behavior of a bonded
structural component, the problem of an interface crack has given rise to a large number
of studies in order to understand the failure process of the interface.

Williams (1959), Malyshev and Salganik (\ 965), England (1965), Rice and Sih (1965),
Chaepanov (1979) and Erdogan (1963, 1965) were among the original investigators of
interface crack problems; a recent ovcrview of the analysis of interface cracks can be found
in Rice (19SS). Comninou (1990) and Lu and Lardner (1991). In addition to cracks along
an interface, cracks approaching, parallel to, or terminating at an interface have also
been considered by several investigators (see e.g. Bogy (1971), Erdogan and Arin (1975),
Ashbaugh (1975), Fenner (1976), Comninou (1979), Lu and Erdogan (1983a, b), He and
Hutchinson (1989) and Chen (1991)J.

The application of dislocation singularities to crack problems has provided sim
plifications in the formulation and solution of many crack problems (Rice, 1968; Bilby and
Eshelby, 1968). The approach is to model a crack by continuously distributed dislocations
described by a density function (Thoulcss et al., 1987; Hutchinson el al., 1987; He and
Hutchinson, 1988, 1989; Suo and Hutchinson, 1989'1, b, 1990; Hutchinson and Suo, 1991)
and to solve the resulting singular integral equation numerically.

The objective of this paper is to investigate cracks near and parallel to an interface
under uniform pressure or a pair of concentrated loads. Thc intercst in cracks under ~ pair
of concentrated loads is motivated by the use of indentation fracture mechanics to inves
tigatc the fracture toughness of interfaces (Ostojic and McPherson. 1987; Cook and Pharr.
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1990; Evans et al., 1986; Lardner et al., 1990). We will obtain results for the stress intensity
factors and the energy release rate. In addition we will exhibit the range of applicability of
the asymptotic solution for the sub-interface crack derived by Hutchinson et al. (1987). In
our investigation of coated systems we will obtain the value of the critical thickness of the
coating for which KII = O. We also note an interesting dependence of the stress intensity
factors for the case of concentrated loading on the distance to the interface.

~. FORMULATION: TWO HALF·PLANES

The method of complex potentials (Muskhelishvili. 1953) provides an effective way to
solve the stress field induced by the presence of a dislocation in a material. The stress field
due to a dislocation near an interface. Fig. la, has been derived by Suo (1989); [see also
Suo and Hutchinson (1990)] and the stress field due to this edge dislocation along y = - ih
IS

where ~ = x -~, A = (IX + (J)/( I - (J), n = (IX - (J)/( I +(J).
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Fig. I. (a) Edge dislocation near an interface. (b) Subinterface crack near Ihe interface of two half
planes. (c) Subinterface crack under coating of thickness Ire·
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where

I\k-chanics of sublOl.:rfacc cracks

f.l1(1\:~+ 1)-f.l~(I\:, + I)
2=

f.l1(1\:~+ 1)+f.l~(I\:, + I)

(J = JII(I\:~- \)-JI~(I\:,-I)

JII(I\:~+ I)+JI~(I\:, + I)

(,71

where the subscripts I and:' refer to each of the two materials. I\: = 3 -4v for plane strain
and (3 - v)/(I + v) for plane stress, v is Poisson's ratio. JI is the shear modulus. and h is the
distance of the crack from the interface (Suo. 1989; Suo and Hutchinson. 1990). Along
== x+iy,y > 0 (material No. I). we have

:'i _ { I + t\ I + n }
lTn+ilT n = B[(I+O)h-(I+t\)Y][~'(I )r +8 ~(/--)+~ '(' ). (3).. . 1,+1 I+Y' ~-I II+Y ,,+1 "+.1'

A crack parallel to an interface or what we call a subinterface (Hutchinson et al.. 1987)
crack h<lS a crack tip singularity of order r - I =. Of particular interest is the amount of Mode
II behavior at the crack tip to determine the subsequent direction of propugution from the
cruck tip. The subinterfuce crack us shown in Fig. Ib is modeled by continuously distributed
edge dislocations ulong the crack of length :'a. The interfuce is between two semi-infinite
plunes at y = 0 und the cruck is located in muteriul No. :. bdow the surface. Using (I) after
imposing the boundury condition that the traction on the crack faces is I;(X), we obtain

In addition we have the condition

f
"

B(~) d~ =O.
"

The integral e4uation (4) and condition (5) arc non-dimensionalized with

(4)

(5)

~=at. Itl<1 x = lilt. 1111 < 1

B(~) = A(I) p(x) = p(u)

und take the forms

fIA(t)dt=O.

(6)

(7)

(8)

The integral equution (7) can be solved numericully by the techniques used for example
by Erdogan (1969), Erdogun et al. (1972), and the references cited above. Therefore, in the
case of uniform pressure the dislocution density function A(t) cun be assumed to be of the
form (Hutchinson et 01.• 1987)

(9)
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where T.(t) is the Chebyshev polynomial of the first kind. In the case when a concentrated
load is applied on the surface of the crack at a point uo. p(u) = - Poe5(u - uo). the presence
of the Delta function in the loading gives rise to another singular point in the dislocation
density corresponding to the point at which the concentrated load is applied. Therefore.
the dislocation density function A(t) for a concentrated load can be assumed in the form

where ao = 0 upon the use of (8) and

Po r--,
C = ---,- I I-I/o

2TC"a"

(10)

(II)

to provide the correct singularity at t = I/o.

The governing equations for both loadings are given in Appendix A. The stress intensity
factors are given by (A3) and (A4) along with the energy release rate in (AS).

The 2N unknowns in (A I) of Appendix A, the real and imaginary parts of ak' can be
solved so that the real and imaginary parts of (A I) are satisfied at N selected collocation
points II, on the interval lui < I. We have used the Gauss-Legendre points for IIi in our
numerical work (Erdogan et al., 1972).

The numerical solutions were carried out using the IMSL software. and the major
elTort in the solution process was to accurately evaluate all the improper integrals. The
integrals I. and I, in (A2) have end point singularities. and they were evaluated by the
subroutine DQDAG. The integral that appears on the right side of (A I) has a singular
point at the location of the concentrated load in addition to the end point singularities and
it was evaluated by the subroutine DQDA We.

The convergence of the solutions depends on the normalized erack-to-intert~lcedistance
p = h/a. for small p, typically p < 0.1, the wnvergence of the solution requires a large
number of integration points as discussed by Lu (1991). We have generated solutions for
p as small as 0.0 I for the uniform pressure loading and 0.05 for the concentrated loading.
We note that for small values of p. Hutchinson's asymptotic solutions (Hutchinson et a/.•
1987) for a subinterface crack can be used and we will show that our solutions converge to
Hutchinson's asymptotic solutions for small p.

3. NUMERICAL RESULTS AND DISCUSSION

The numerical results for the stress intensity factors K., KII and the energy release rate
G arc presented by normalizing them with respect to the corresponding values of the
homogeneous material No.2. The results for the case of uniform pressure loading arc
shown in Figs 2-4. When the crack is far away from the interface, the results reduce to the
results for the homogeneous case as we anticipate.

When material No. I is stifTer than material No.2, :l > 0, the positive values of KII as
shown in Fig. 3 indicate that subsequent cracks propagating from the crack tips tend to
propagate away from the interface. A corresponding argument holds when material No. I
is softer than material No.2, :l < 0, and the negative values of KII indicate that the crack
will propagate toward the interface. In the special case for material No. I being infinitely
compliant, 0( = - 1.0, the crack is approaching a free surface, and the stress intensity factors
and the energy release rate increase to infinity.

The results shown in Figs 2-4 approach to Hutchinson's subinterface asymptotic
solutions (Hutchinson et a/., 1987) when the crack is very close to the interface. h/a < 0.05.
Further we see that for :l > -0.6 (recall that the physical range of C( is - 1.0 ~ :l ",; 1.0,
with Pequal to 0). the asymptotic results are surprisingly accurate to values as high as
h/a :::: 0.3.
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The results for the case of concentrated loadings are shown in Figs 5-7. It is seen that
the stress intensity factors given in Figs 5 and 6 and the energy release rate given in Fig. 7
approach to a peak value and then decn:ase (or increase) to the asymptotic solutions when
h a is less than 0.1. This implies that under a pair of concentrated loads. the crack mayor
may not propagate depending on the fracture toughness of the material and the crack-to
interface distance. or equivalently on the crack length at a fixed distance from the interface.
As suggested in Fig. 8. if the critical energ: release rate of the material No.2 is C,. a crack
under concentrated load will propagate if its length is between 2al and 2a> otherwise it
will remain stable. This phenomenon is especially notable when material No. I is very soft.
We note that the peak values occur in the range 0.1 < h a < I.

The drect of lion the stress intensit: factors is shown in Figs 9 and 10. Again we
see that the solutions approach the Hutchinson ('f ,rI. (1987) subinterface solutions. The
subinterface solution is surprisingly al'Curate up to \~lIues as high as h/a == 0.10.

-I. SUBI:-JTERI\CE CRACKS l'\;DER COt\TI:"GS

This section is an extension of Sectillns 2 and) in which material No. I is now of finite
thickness h, so as to form a coating-substrate system as shown in Fig. lc. We will focus on
the ctli:ct of the thickness of the coating and the crack-to-interface distance on the stress
intensity factors. the energy release rate and the direction of crack propagation. We will
also l'()nsilkr the question of the critil'al thickness llf the l'oating to ensure that the crack
will propagate paralld to the interface (Hutchinson ,'f a/., 19~7).

Figure 11 shows the approach to hc takcn folllming SUll and Hutchinson (19X9a). As
depicted in Fig. I I, the solution to problem (i) wher~' an edge dislocation with a Burger's
vector h = h, + ih, is located at (0, Ii) ncar thc coating-suhstrate interface can he obtained
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by the superposition of the problems of (ii). an edge dislocation with a Burger's vector
b = b, + ib, at (0. - h) near the interface of two half-planes and. (iii) the coating-substrate
system without the edge dislocation but with an external traction - a*(x) prescribed on the
surface of the coating y = he. where a*(x) are the stresses along y = h, calculated from
problem (ii).

The stresses along y = h" in material No. I follow from (3) in the form:

..,.
a,,(x.hJ+ia,,(x.hJ = 8[(1 +nJh-(l +t\)rJ ..:.1 •

[x+(h+h,,)J-

-{ l+t\ I+n}
+8 x-i(h+/U + X+I(il-+/~) (12)

and the stresses along y = -h in material No.2 are given by (I).
The second problem is ~I traditional two-dimensional elasticity probkm and can be

solved by the use of stress functions and Fourier translllflns as outlined by Suo and
Hutchinson (1989a): detailed derivations of the solutions are given in Lu (1991). The
stresses along x = -II in material No.2 arc:

( 13)

where GI(x) and (I:(x) arc given in Appendix B.
The formulation in terms of the dislocation density for the subinterface crack follows

the steps given in Section 2 and we ohtain a non-dimensional integral equation in the form:

2(0
1

j dt+jO' ..TF~«()ildt+.r I A (t)F
I
(s)ildt=I'(II)

., 11/,-1 I JI

with the subsidi~lry equation

J
OI

,AU)dt=O

Fd;) = " 1«()+G 1(s)

Fc(~) = " c«()+G 2«()·

III! < I ( 14)

( 15)

( 16)

These results can be obtained from results in Suo and II utehinson (1989a) upon setting 1/

in their notation equal to infinity.
following the same arguments as in Section 2. we assume the unknown function A(t)

as in (9) and (10) and the form of the resulting equations is given in Appendix C.
The accuracy of the solution depends on the evaluations of the integrals in (C2) to

(C4). We note that the integrands of these integrals contain integral expressions Gland
G C' Therefore. the evaluation of the integrals requires greater care and computt:r time than
the evaluation of the integrals in the previous section. The integrations wt:n: performt:d by
the IMSL subroutines and the subroutine DQDAG I was used to evaluate the inner integrals
G I and G: in the integrals II' I c and the right-hand side of (e2). The subroutines DQDAG
and DQDAWC were then used to evaluate the integrals II and I: and th..: right-hand side
of (C2) respectively; see Lu (1991) for additional details. We have obtain..:d the solutions
for the stress intensity factors and the energy release rate for II as small as 0.2 using N = 20
and N = 10 for II> O.l.

The direction of propagation of the cmck is determined by the Mode II stress intensity
factor KII • We have seen from the results of Section 3 with two half planes that when
material No. I is stitTer than material No.2. 'J. > O. the crack will propagate away from the
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interface. K" > O. under symmetric loading. In the case of a coating-substrate system. oK"
is a function of the relative stiffness of the coating and the substrate as well as of the
thickness of the coating.

When ex is positive. K" is negative when hc is small and increases with an increase in
the value of he- At a critical thickness he,' the stress intensity factor K" becomes zero. and
the crack will propagate parallel to the interface. This critical thickness of the coating
depends explicitly on the relative stiffness of the system. :x (with f3 = 0). and the crack-to
interface distance h as shown in Fig. 12. [[ is seen that hc, increases as h decreases. and
decreases as :x increases. That is to say. the less stiff coatings need to be thicker if the crack
is to propagate parallel to the interface. Furthermore. we see from Fig. 12 that the critical
thickness of the coating is not sensitive to the external loading and is fairly constant for
0.5 < h/a < I.

The stress intensity factors and the energy release rate of the subinterf~lCecrack under
uniform pressure and a pair of concentrated loads as functions of the crack-to-interface
distance with hc = O. 0.5. I. 2. 4. if.- and with :x = 0.8. 0.2 and -0.2. f3 = 0 have been
calculated. Lu (1991).

The responses of the coating-substrate system to the case of concentrated loading are
similar to the case of uniform pressure; see Figs 13-15. For a crack under the pair of
concentrated loads. the stress intensity factors if hc is largc enough reach a peak value before
approaching a steady valuc when h/a is small.

The effcct of thc value of If on the stress intensity l~tctors and the energy release rate
is shown in Figs 16~ 18 in which the results for the coating-suhstrate system with :x = 0.8.
If = 0.0 are compared to the coating-suhstrate system with :x = 0.8. If = -0.2 and 0.2. We
found in general that the clrect of If on the magnitude of the stress intensity f~tctors and the

y
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a"c.) ... i a.,Ca) = a'

J_ y /-
he N1 X

h 1J2
....

(ii)

a"Ca) ... i a.,ea)= - a'
I

y

he N1 X

h 1J2

(iii)
Fig. II. Dislocation near a coating-substrate system. Problem (i) = (ii) + (iii).
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I:nl:rgy rdl:asl: ratl: is not signilicant; results with Ii = 0 can be used as a good Iirstl:stimate
for the stress inknsity factors and the energy release rate for a coating-substratl: system
with a subinterl~lce crack.

5. CONCLUSIONS

WI: havl: invl:stigated a number of problems for two-dimensional cracks ncar a bi
material interface. Thl: major clforl in thl: numerical solution was to accuratdy evaluate
the impropl:r integrals appearing in thl: singular intl:gral equations. We used thl: IMSL
packagl: to carry out all the integrations and the numerical convergence of the integrals
tkpends on the crack-to-interl~lcedistance.

We found that when the crack is embedded in the kss still' material of two half-planl:s,
:J. > 0, the normalized stress intensity factor KIIK11I and the norrnalizl:d energy release rate
(j Gil arl: less than onl: for all values of the crack-to-interface distance. Convl:rsdy, when
thl: crack is embedded in the stifTer materiaL x < 0, K,/KIIl and GIG II arc grl:ater than one
for all valul:s of the crack-to-interf~lcedistance. When :J. > 0 the normalized stress intensity
factor KII /Kill is positive so that the crack will propagate away from the interface, and when
x < 0, Kill ;':111 is negative so that the crack will propagate toward the interface.

We found that the stress intensity factors and the energy release rate approach to the
asymptotic solution derived by Hutchinson et al. (19X7) for both the case of uniform
prl:ssure loading and the concentrated loading when the crack is near to the interface. When
the crack is under concentrated load, the stress intensity factors and the energy release rate
reach a peak value hefore approaching their asyrnptoti<.: values.

In the case of a tinite thickness material on a half-plane we found that for a soft
coating,:J. < 0, "",KIII and GiGn are always greater than one, and KIIIKIII is always negative
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for all thicknesses of the coating he and crack-to-interface distance h. That is. soft coatings
regardless of their thickness are not likely to provide reinforcement to the cracked substrate
and tne crack will propagate toward the interface.

For a stitT coating. KII 'K,o can be positive or negative depending on the thickness of
the coating: that is. whether the crack will propagate away or toward the interface depends
on the thickness of the coating. At a critical thickness of the coating. her. where KI1 = O. the
crack will propagate parallel to the interface. The magnitude of the critical thickness of the
coating decreases as the coating becomes stiffer and increases as the crack-to-intcrl~lCe

distance" decreases. We find that the critical thickness of the coating is not sensitive to the
external loading on the crack and is fairly constant for 0.5 < II. (/ < I. When the thickness
of the coating is greater than the critical thickness of the coating. It > her. K, Kill and G Gil
are less than one for all values of the crack-to-interf~lCedistance.

The etl'ect of fJ on the stress intensity factors appears to be not signiticant over the
range of parameters we considered.

.·klm,,"lcdOClllmll·-Part of this work was support.:d by an IIP"t grant t., thc' Institute' li ' r IntlT!;ICl' Sl·i.:nlT at
thc' l'nin'rsity of :\bssachuselts at Amh.:rst and by :"SF grant DI\1 R-X'II'I37~.
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APPENDIX A

For cracks near the interface of two half-planes. the form of the dislocation density function A(l) is assumed
as (9) when the crack is under uniform pressure. and in the form of (10) when the crack is under a pair of
concentrated loads. Equation (8) then gives an = 0 and the integral equation (7) becomes an algebraic equation
of the form

V N N

-27r L ii.U._, + L I,(u.k)+ L iiJ,(u.k)
I_I 4.1 1-1

-for uniform pressure

where

{I' H,(')+1(,(') }= -c ---,----'-adl -for concentrated load
-I~(I-Un)

(A I)

(A2)

lind /' = hlt/.
The stress intensity factors lire then obtained in terms of the dislocation density function in the form

(II utehinson ('I al.• 19117).

(A3)

for the case of uniform pressure loading. and

for the case of concentrated loading.
The energy release rate is given by

",+1
G = -'-KK

81l,

APPENDIX 8

(A4)

(AS)

The two,dimensional elasticity problem for a coating-substrate system under the loading -a"(x) on the
surface of the coating is considered briefly in this appendix; sec Fig. II. In particular, we arc interested in the
stress field along)' = -h in the substrate (Suo and Hutchinson. 1989a).

The problem is solved using stress functions for the stresses and displacements and Fourier transforms as
outlined by Suo and Hutchinson (1988); sec Lu (1991).

SAS 29:6-8

iFX
!J.'U =O. !J.X = O. .,.-:;-.. = ~!J.U.ux,cy

(BI)
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The stresses and displacements in terms of two real potentials are given by

i'V (~X
21lu, = - - +(K+ I) ~

ex ty

eV (~X

21lu, = --+(K+l)~.
ex ex

(B2)

(B3)

(84)

The Fourier transform of V(x. y) satisfying the biharmonic equation for each material is assumed in the
forms (Suo and Hutchinson. 1988):

(B5)

(B6)

where

a,(.l.y) = .F{V(x.y)~ = f'" V,(x.}') e'" dx. i = l.2

is the Fourier transform of V,(x. y).
The six constants A,. A,. A .. A•• B, and B, are to be determined from the boundary conditions that the

stresses and displacements arc continuous across the interface (y = 0) and the traction on the surface of the
coating (y = hJ is prescribed as - u"(x) = - u~,(x) - iu~,(x).

The boundary ,lnd continuity equations lead to

A,+A.=8,

A, A, A, A. 8, 8,
- ". + '-" + -' + .... =.. + .

1,(1 .I 1.11 .I 1.1/ .I

A, - Wc,A, +A, + ~~,lc,lI. '" r {H' + ~A.lc,H,}
~.... _A _I.

A, 2-c, A, 2-c, {/l' 2-c, }
-1.11 + '2;:-A,+ I~I + -iI'·A, = r I~I + '2;.8,

[A, + A ,.lhJ e""·, + [A J + .lh,A.J e:"·, = a~,

[ -I~A, +A,(I-II·lhJ]e.'AI., + L~I A J + 11.(1 + IWU}'''·' = ia~,

where (', = '" + I. (', = '" + I and r =1l,/J.l,.
Solving the system of equations for A ,. A ,. A, and A, in terms of 8, and B, we obtain

where

P" = -(cr-PHI +2Ah,) e- lh'+(I_{I) eu',

P 12 = [{I-(cr-PlAh,) e-U.'_[{I_({I+ 1);.h,1 eM,

P2I = (ex-PHI-2Ah,) e-Ah'+({I_I) e'·,

P" = [ex-(ex-P)Ah,) e"M,_[1 +({I+ l».h,} e'·,.

(ilK)

( 119)

(1l10)

(Ill I)

(1312)

(813)

lB14)

(815)

(1316)

(817)

(818)

Equation (814) provides a system of equations to solve for B, and 8, under the loadings u~, and a~•. For
the purpose of algebraic convenience. B, and B, arc obtained by the superposition of the solutions taking the
loading to be symmetric and anti-symmetric. That is.

P12 ] {B'} { a~•• (.l.)} { a~..(A)}
Pn B, = -ia:..(.l.) + -ia:.. (.<.)

where the subscripts aand J stand for the anti-symmetric and symmetric parts of the stress u:. and a:...
The traction u"(x) can be written as

u"(x) = a:. +ia:•. (x) = (a:,,(x) +u:,.(x») + i[t1:,.• (x) + a~•. ,,1

(819)
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• _ B-8{ 4R,H
z

_ 2R,+(Rz -Rl)H}
11,.,(:c) - 2i (xZ+Hl)z xZ+Hz

• _ B+S{ 4R,Hx (Rz+R,)X}
11".(:c) - 2 (:,Z + HZ), + x' + H'

• _ B+8{ -4R,H' , 2R,-(R,-RJ)'C}
11",(x) - 2 (x'+H l )' ~ x'+H'

• =B-8{ 4R ,Hx _(Rz+RJ)X}
11". 2i (xZ+H l )' x'+H'

H = h+h,

R z = I+n

R, = I+A

R. = R,h+R,h,.

687

We note that under symmetric loading the stress function U,(.c, y) must be symmetric in x; therefore its
Fourier transform must be symmetric in A. Therefore. from (87) we see B, must be symmetric in ). and B, must
be anti-symmetric in ).. Similarly, under anti-symmetric loading O,(A. y) must be anti-symmetric in A, and B I

must be anti-symmetric in ). and B, must be symmetric in A.
Therefore. (814) can be rewritten in the form:

a~..• ().)]
- ia~•. ().)

(820)

IS" [1).1 0 0(I "'I] ,,'.--- ..~. 1+ , - "- ,) e ., e
2n ." "-

whcre B, = B•.• + B,• and II, = II:. + ill. ami

- J'" , D'[ R,+RIJ '11~•..<x)=2 II 11~•..(x)cos,,-xdx= -(il- )1 R
'
).---2--- nc-,II.

Upon use of the invcrse transform of 0,0., x) wc have the stress function U ,(c. y) as

It follows th'lt the stresscs along y = - hare

I:'U. ,)'U, I S'<1,,(x. - h) + i<1,,(x, -h) = .~,_.,: - i,,--c,": = - ,,-- [// I - 8,),111 e 1'1. c· ..• dA
(,X· ux uy _It -. l,

11"... d/. = .. [ - 8, - 8" + B,I.h) e do cos I.X dA
n II

i r" .+ ~Jo [B,+B,.-B,),IIle"·sin).xdL

Substitution of B,., B h , B:. and OJ from (B20) into (B21) leads to the results:

<1,.(x. -h)+i<1... (x, -h) = BG,(x)+SG,(x)

where

G,(C) = G,,(O+G,,(C)

G,(U = Gz,(U+G,,(C)

(B2I)

(B22)
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and
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G 1'(;) = f' (:!(I-x)[(1 + fl)R 2h, + (I-fl)(lR 2h+ R,h.»i. e- 2.... \' -4(1-x)(x - fl)R 2hi. e- 2>.'lh'·"l Si:'i.~ d).

Gh(~) = fo' 1(\ -x)h,[P( R, - R,) + R, - R,j;. e- 2>."".,) Co~A.C di.

G2r (C) = 1" ({4(I-x)[{J(h,-h)+h,-hjR,i. 2 +(1-xl!p(R j -R2 )+R,+R,1l e- M
.',)

" , • ' ". .) sin A.~-4(I-x)(x-fl)R 2h·i.· e-·..·'· '+(I-x)!P(R,-R,)-x(R2 +Rdj e-·A
• ,. } ~d).

G2,(C) = r" ({4(I-x)!p(h,-h)+h,+hjR,A.'+(I-:x)!p(R,+Rd+R,-R,1l c· M
+'.,)

J"
-4(1-a)(:x - fJ)R:h: i.: e- 'A" "'- (I-a)!p(R2+ R.d +x(R, - R,)j e- '''lh,+''} c~~:-~ d).

M = P' -1 + {2x -1fJ' + [4x -4fl' ... 4fJ(:x -I )Jh;i. 2} e- lA', + (/I' -a') e' '<h,.

APPENDIX C

For subinterface cracks under coatings. the form of the dislocation density function A(I) is assumed as in
(9) when the crack is under uniform pressure, and in the form of (10) when the crack is under a pair of concentrated
loads.

Upon substitution of (9) and (10) into (14) we have

~ v v

-2n: L a,V, ,+ L Idu.kl+ L a.l,(u,kl
": ... I k _ 1 4- _ 1

= -1'" - for uniform pressure (CI)

where

I.' T,(I)I-',«(.).clOII,(u,k) = _._.. -_
I ,)'1-1'

I.
' T,(I)I-',(Ocl 01

ll(u k) = ----., J--.--., 1-1'

(C?)

(0)

(C4)

and au = o.
Equations (CI) and (C2) are solved to obtain the unknown coellicients a,.


